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INTRODlJCTT O N  

The r e s e a r c h  p r o g r e s s  g iven  i n  t h i s  r e p o r t  r e p r e s e n t s  t h a t  accom- 

p l i s h e d  o v e r  t h e  f i r s t  s i x  months o f  work on t h e  p r o j e c t .  The e f f e c t i v e  

d a t e  o f  t h e  g r a n t  was J u l y  1, 1963;  however, work d i d  n o t  b e g i n  u n t i l  

September 1, 1963 when t h e  m a j o r i t y  of t h e  f a c u l t y  and g r a d u a t e  s t u d e n t s  

r e t u r n e d  t o  t h e  U n i v e r s i t y .  The d i r e c t i o n  t h i s  r e s e a r c h  w i l l  t a k e  d u r i n g  

, 

__ _- _ -  - 

the  nex t  r e p o r t  p e r i o d  i s  a l t e r e d  somcw' ? t  from t b k i c  r e p o r t e d  h e r e .  ~ . 
d e c i s i o n  t o  modify t h i s  d i r e c t i o n  came a f t e r  f a c u l t y  working on ,':e rc.sc<irch 

p r o j e c t  r e c e i v e d  s e c u r i t y  c l e a r a n c e s  and were p e r m i t t e d  t o  o b t a i n  c l a s s i f i e d  

i n f o r m a t i o n  on t h e  ROVER P r o j e c t ,  from t h e  s t a f f  o f  t h e  Los  Alamos S c i e n t i f i c  

L a b o r a t o r y .  T h i s  i n f o r m a t i o n  w a s  n o t  a v a i l a b l e  t o  t h e  r e s e a r c h e r s  working 

on t h e  g r a n t  u n t i l  we l l  i n t o  t h e  f i r s t  r e p o r t  p e r i o d .  The r e s e a r c h  t o  be  

conducted d u r i n g  t h e  second r e p o r t  pe r iod  w i l l  be more p e r t i n e n t  t o  p a r t -  

i c u l a r  problems b e i n g  encoun te red  i n  t h e  develormcnt  o f  t h e  n u c l e a r  r o c k e t .  

T h i s  p r o g r e s s  r e p o r t  i s  d i v i d e d  i n t o  two p a r t s .  P a r t  I d e a l s  w i t h  

t h e  a p p l i c a t i o n  of the Second Method o f  Liapunov t o  s t a b i l i t y  problems i n  

n u c l e a r  r e a c t o r s .  S e v e r a l  examples r e l a t e d  t o  t h e  n u c l e a r  r o c k e t  eng ine  a re  

g i v e n .  A t  t h e  end o f  t h i s  s e c t i o n  an o u t l i n e  of t h e  r e s e a r c h  t o  be  conduc t -  

ed d u r i n g  t h e  n e x t  r e p o r t  p e r i o d  i s  p r e s e n t e d .  P a r t  I1 of t h e  r e p o r t  i s  

conce rned  w i t h  t h e  a p p l i c a t i o n  of P o n t r y a g i n ' s  Maximum P r i n c i p l e  t o  t h e  s o l -  

u t i o n  o f  o p t i m i z a t i o n  problems i n  n u c l e a r  r e a c t o r s .  An optinwc: shutdown 

program i s  de te rmined  f o r  r e a c t o r s ,  which w i l l  minimize t h e  b u i l d u p  o f  xenon 

p o i s o n i n g  a f t e r  shutdown. S o l u t i o n  o f  t h i s  problem h a s  g iven  s me i n s i p h t  

in*.o t h e  problem of  d e t e r m i n i n g  an optimum program f o r  p r o p e l l a n t  r e l e a s e  

t h a t  w i l l  minimize t h e  amount o f  p r o p e l l a n t  needed t o  accomodate t h e  a f t e r -  !! 
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shutdown h e a t  g e i l c r a t i o n  i n  n u c l e a r  r o c k e t  e n g i n e s .  An o u t l i n e  c.€ t h e  re -  

s e a r c h  t o  be c a r r i e d  on i n  t h e  a p p l i c a t i o n  o f  t h e  Naximum P r i n c i p l e  t o  

n u c l e a r  r o c k e t  problems i s  g i v e n  i n  t h e  l a t t e r  p a r t  o f  the s e c t i o n  

The r e s u l t s  o f  t h e  r e s e a r c h  g i v e n  i n  t h i s  r e p o r t  w i l l  be  p r e s e n t e d  -~ .- -- 
zlzs==e 

i n  two p a p e r s T o -  bc giver,  a t  t h e  Aniericln Muclear S o c i e t y  Meeting h P h i l a -  
~ _ - ~  .-e 

d e l p h i a z i - d  June  1964 .  
_- - -  
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PART I 

The Application of the Second Method of Liapurov 

to Non-Linear Stability Problems in Nuclear Reactors 
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PART I 

I .  I n t r o d u c t i o n  

The Second Method o f  Liapuiwv pi-oi,idt:s a g e n t r a l  approach  t o  t h e  

s t a b ' l i t y  of Jparni.2 S:istcIms d e s c r i b e d  by o r d i n a r y  l i n e a r  o r  n o n l i n e a r  

d i f f e r e n t i a l  e q u a t i o n s .  T h i s  f a c t  has  been r ecogn ized  by a s m a l l  group of  

n u c l e a r  e n g i n e e r s ,  and a p p l i c a t i o n  of t h e  Second Method has been made t o  

t h e  i n h e r e n t l y  n o n l i n e a r  r e a c t o r  k i n e t i c  e q u a t i o n s .  However, a s  y e t ,  t h e  

Second Method has  n o t  a t t a i n e d  t h e  prominence among n u c l e a r  e n g i n e e r s  t h a t  

i t  e n j o y s  i n  t h e  o t h e r  e n g i n e e r i n g  d i s c i p l i n e s ,  p a r t i : l t l a r l y  i n  t h e  a r e a  n f  

automatic control. 

Five y e a r s  ago t h i s  was u n d e r s t a n d a b l e ,  as t h e  p r i n c i p a l  theorems 

of Liapunov were s t i l l  l a r g e l y  s c a t t e r e d  In t h e  Russ i an  l i t e r a t u r e . ,  o r  known 

o n l y  to  a r e l a t i v e l y  s m a l l  group c f  ma themat i c i ans .  However, t h i s  i s  no 

l o n g e r  t h e  c a s e ;  and,  i n d e e d ,  s i g n i f i c a n ~  advances have been made by Ameri- 

c a n  a u t h o r s  i n  a p p l y i n g  t h e  Second Method of Liapunov t o  p r a c t i c a l  e n g i n e e r i n g  

prob  i e m s .  

11. - I n t r o d u c t i o n  t o  t h e  S e c g M e t h o d  

I n  t h i s  r e p o r t ,  t h e  dynamic systems under  c o n s i d e r a t i o n  a r e  assumed 

t o  be autoncmous and d e s c r i b a b l e  i n  s t a t e  v a r i a b l e  f o m  as n f i r s t - o r d e r  

d i f f e r e n t i a l  e q u a t i o n s  ( 1 ) .  

x = b l l ( z )  x1 + b12(") x2  + ... + b I n  (x) - x n 1 

0 

x = b,,(x) x1 + . . . + b (E> xn n nn 

1 



2 

where n i s  t h e  o r d e r  o f  t h e  system and 5 is  an n - v e c t o r  (column v e c t o r )  

r e p r e s e n t i n g  t h e  s t a t e  o f  t h e  system. I n  m a t r i x  n o t a t i o n ,  t h i s  may be  

w r i t t e n  compact ly  a s :  

where : 

1 1  E ( 5 )  = ( 3 )  

k '  
The b (5)  may be  any con t inuous  f u n c t i o n  o f  t h e  s t a t e  v a r i a b l e s  x 

i j  

The e q u i l i b r i u m  s t a t e  be ing  i n v e s t i g a t e d  must b e  l o c a t e d  a t  t h e  

o r i g i n .  Th i s  i s  a c t u a l l y  no r e s t r i c t i o n ,  s i n c e  any e q u i l i b r i u m  p o i n t  may 

always b e  t r a n s l a t e d  by s imple  l i n e a r  change of v a r i a b l e s  t o  t h e  o r i g i n .  

L e t -  11 x 11 b e  t h e  Euc l idean  l e n g t h  o f  t h e  v e c t o r  x, i . e .  

. . . + x 2 ,  and S(R)  be  a s p h e r i c a l  r eg ion  of  r a d i u s  R > O  around t h e  o r i g i n ,  

i . e .  S ( R )  c o n s i s t s  o f  a l l  p o i n t s  x s a t i s f y i n g  

11 x 112 = x2 + 
1 - 

n 

11 5 11 <_ R. 
DefLiiitLcc o f  A s > ~ , p t = t i c  S t 2 h i l i . t ~ :  Thp  n r i g i r .  
i s  s s y m p t o t i c a l l y  s t a b l e  i f  co r re spond ing  t o  
each S(R)  t h e r e  is  an S ( r )  such  t h a t  s o l u t i o n s  
s t a r t i n g  i n  S(r) do not l e a v e  S ( R )  but approach  
t h e  o r i g i n  as t-oo. 

Only a s y m p t o t i c  s t a b i l i t y  w i l l  be c o n s i d e r e d  I n  t h i s  r e p o r t .  

Simply s t a t e d ,  an  autonomous sys tem i s  a s y q t o t i c a l l y  s t a b l e  i f  i t  r e t u r n s  

t o  i t s  o r i g i n a l  e q u i l i b r i u m  s t a t e .  I f  t h e  d e f i n i t i o n  h o l d s  i n  t h e  whole 

s p a c e ,  t h e  sys tem :s g l o b a l l y  a s y m p t o t i c a l l y  s t a b l e .  

The f o l l o w i n g  modi f iedn  Liapunov s t a b i l i t y  theorem, due t o  L a S a l l e  , 

can  now be  s t a t e d :  

* T h i s - t h e o r e m  d i f f e r s  from the o r i g i n a l  Liapunov theorem i n  cond . i t i on  
(b )  where V(x) i s  a l lowed t o  be equal o r  l e s s  t han  z e r o  as  long a s  i t  i s  no t  
z e r o  on a s o l u t i o n  of  t h e  sys tem,  o t h e r  t h a n  t h e  t r i v i a l  s o l u t i o n ,  = 0. 



3 

A Modif ied  Liapunov S t a b i l i t y  Theorem: 
t h e r e  e x i s t s  a s c a l a r  f u n c t i o n  V(x) w i t h  
con t inuous  f i r s t  p a r t i a l s  such  t h a t  

I f  

a .  V(x) > 0 f o r  a l l  x # 0 ;  V ( O )  = 0 - - 
( p o s i t i v e  d e f i n i t e )  

b.  V(x) .': 3 far a i i  5 ( a t  i e a s t  n e g a t i v e  
s e m i d e f i n i t e )  

c .  V ( X >  ---cc3 as \\ x \I - D C .  

t h e n ,  i f  V i s  not i d e n t i c a l l y  z e r o  a l o n g  any 
s o l u t i o n  of (2)  o t h e r  t han  tile o r i g i n ,  t h e  
sys tem is  g l o b a l l y  a s y m p t o t i c a l l y  s t a b l e .  

S i n c e  V(x)  has  con t inuous  f irst  p a r t i a l s ,  t h e  c h a i n  r u l e  may b e  

used  to d e t e n d n e  V(x) 

The?. d e f i n i r l g  ';7V, t h e  g r a d i e n t  o f  V ,  a s  t h e  column v e c t o r  

, V may b e  w r i t t e n  i n  m a t r i x  form a s  

'l'ne b a s i c  concep t  o f  t h e  Second b!ethod is  now evider i t :  by p r o p e r  

s e l e c t i o n  or g e n e r a t i o n  of a Liapunov V - f u n c t i o n ,  i t  i s  p o s s i b l e  t o  d e t e r -  

m i l l e  thc , . a b i l i t y  o f  n o n l i n e a r  dynamic s y s t m  w i t h o u t  any knowledge of 
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t h e  s o l u t i o n  of t h e  sys tem e q u a t i o n .  A t echn ique  f o r  determinir.g V- func t ions  

i s  p r e s e n t e l  l a t e r .  Before  p roced ing  t o  t h e  a p p l i c a t i o n s  o f  t h e  Second 

Method, i t  i s  pe rhaps  of  v a l u e  t o  i n v e s t i g a t e  t h e  s t a b i l i t y  theorem from a 

geomet r i c  v i e w p o i n t .  

By r e q u i r i r i g  V :> c f o r  x # 0 ,  V(x) = c o n s t  becomes a f a m i l y  of 

c o n c e n t r i c  c l o s e d  s u r f a c e s  su r round ing  t h e  o r i g i n  such  t h a t  t h e  s u r f a c e  

K1, l i e s  i n s i d e  V(x) = K whenever K. < K 2 1 2 '  F i g u r e  1 shows a g r a p h i -  V(x> = 

c a l  p i c t u r e  f o r  t h e  two d imens iona l  o r  second o r d e r  c d s e .  Si i ice  borh  V 

and V are  i m p l i c i t  f u n c t i o n s  o i  t h e  and V i s  r e q u i r e d  t o  be n o n - p o s i t i v e ,  

t h e  s t a t e  o f  t h e  sys tem m u s t  b e  found on s u c e s s i v e l y  " s m a l l e r "  V(x) = c o n s t  

s u r f a c e s  o r  must remain s t a t i o n a r y .  But V(x> cannot  be  z e r o  on any s o l u -  

t i o n  e x c e p t  = 0 ,  t h e r e f o r e  t h e  s t a t e  o f  t h e  sys tem canno t  remain s t a t i o n a r y .  

Hence, t h e  sys tem t r a j e c t o r y  must move toward t h e  o r i g i n .  The t h i r d  cond i -  

t i o n ,  V ( x ) - w a s  [I x 11 i n s u r e s  t h a t  a l l  p o i n t s  i n  t h e  s t a t e  space  

w i l l  b e  found on some V(X) const s u r f a c e .  

Three  o t h e r  f e a t u r e s  of the Second Method shou ld  be n o t e d .  F i r s t ,  

t h e  method p r o v i d e s  o n l y  s u f f i c i e n t  c o n d i t i o n s  f o r  s t a b i l i t y ;  hence  i f  a 

s y s t e m  does  n o t  s a t i s f y  t h e  s t a b i l i t y  theorem, no c o n c l u s i o n  may be drawn 

r e l a t i v e  t o  sys tem s t a b i l i t y .  Second, t h e  conve r se  of t h e  s t a b i l i t y  theorem 

has  been  p roven .  T h e r e f o r e  i f  t h e  s y s t e m  i s  s t a b l e ,  a V- func t ion  must e x i s t .  

T h i r d ,  t h e  V- func t ion  is  - n o t  u n i q u e ,  which i s  one of t h e  most powerfu l  f e a t u r e s  

of  t h e  Second Methcd. No l o n g e r  i s  one s e a r c h i n g  f o r  a s ingle  un ique  s o l u -  

t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  b u t  r a t h e r  f o r  one, o u t  of many, V- func t ions .  

However because  t h e  method p r o v i d e s  only  s u f f i c i e n t  c o n d i t i o n s ,  some 

V-funct ions  may p r o v i d e  a b e t t e r  answer t h a n  o t h e r s .  
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111. Linearization 

One t o o l  which has been used extensively in analyzing nonlinear 

systems is equivalent linearization. To quote LaSalle and Lefschetz: 

I' ... in determining practical stability, linear approximations are defin- 
itely unsatisfactory.'' Since linear stability is always global, it is 

impossible to determine from linear approximations the extent of asymptotic 

Stability - -  this must be done b y  examining the nonlinearitics. In fact, 

the method of equivalent linearization is only justified on the basis of 

Liapunov's stability theorems as indicated below. 

The Second Method, however, not oniy justifies linearization but 

ii makes it possible to determine a finite region O T  asymptotic stability. 

If V(x) is chosen to be a positive definite quadratic form, then V(x> 

satisfies conditions (a) and (c) of the stability theorem. In addition, 

V(x) can be chosen such that for the linearized system V is negative 

definite. If the nonlinear system is used with the same V-function, there 

must be a finite region about the origin where V is negative, since for 

small 11 x 11 the linear terms will predominate. Now by selecting the 

largest V(x) - - const surface that will fit into this region, a finite 
region of stability will be specified. Consider the following method for 

- 

obtaining such a V-function. 

Let each of the terms in the B(z) matrix be written as a power 

series about the origin. This is normally not difficult since many of  

the nonlinearities are already in this form and usually only a small num- 

ber of  the b ' s  are functions of 2. Now write B(x) - as the sum of a constant 

matrix A and a non-constant matrix C ( 5 )  

il 

B(x) - = A + C ( 2 )  (5) 
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Then eq t ia t ion  (2) becomes : 

x e A x + C(x) x - - - -  

This  i s  e q u i v a l e n t  t o  l i n e a r i z a t i o n  about t h e  o r i g i n .  Now c o n s i d e r  o n l y  

t h e  l i n e a r i z e d  sys tem:  

A l i n e a r  t r a n s f o r m a t i o n  o f  c o o r d i n a t e s ,  x = P z ,  may be made such  

t h a t  i n  terms of t h e  new c o o r d i n a t e s  

-1 - z = P  A P z = D z  - 

where D i s  a d i a g o n a l  m a t r i x  c o n t a i n i n g  t h e  e i g e n v a l u e s  a s  i t s  e l emen t s .  

I f  t h e  l i n e a r  system i s  s t a b l e ,  t h e  r e a l  p a r t  o f  each  e i g e n v a l u e  must be 

n e g a t i v e .  Now choose  V(z) a s :  

-/  
v ( z )  = z z - -  ( 9 )  

where - r e p r e s e n t s  the c o n j u g a t e  o f  z. Then f o r  t h e  l i n e a r  sys t em,  V ( 2 )  

i s  g i v e n  by: 

-/  -1 
V(2) = z ( D  + D) z (10) 

which must  be  n e g a t i v e  d e f i n i t e .  T h e r e f o r e ,  a V- func t ion  has  been found 

f o r  t h e  l i n e a r i z e d  sys t em.  However, s i n c e  t h e  - x s t a t e  v a r i a b l e s  a r e  more 

r e l a t e d  t o  t h e  p h y s i c a l  problem, i t  is  n e c e s s a r y  t o  f i n d  V i n  t h a t  coord-  

i n a t e  s y s t e m  i n  o r d e r  t o  be a b l e  t o  i n t e r p r e t  t h e  r e s u l t s .  Th i s  i s  a 

r e l a t i v e l y  s i m p l e  j ob ,  accomplished by s u b s t i t u t i n g  f o r  z i n  e q u a t i o n  ( 9 ) ,  

z = P  x -1 
0 - - 

,- -1 
V(x) = & P p x  
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Again f o r  t h e  l i n e a r  sys tem,  V(x) and V(x) m u s t  be p o s i t i v e  and n e g a t i v e  

d e f i n i t e  r e s p e c t i v e l y .  The o n l y  remaining s t e p s  a r e  t o  compute V(x) u s i n g  

t h e  n o n l i n e a r  sys tem and t o  f i n d  t h e  l a r g e s t  V(x) = c o n s t  s u r f a c e  which i s  

c o n t a i n e d  i n  t h e  r e g i o n  where V(x) i s  n e g a t i v e .  A numer ica l  example of 

t h i s  t e c h n i q u e  i s  p r e s e n t e d  below i n  example No. 1. 

Example 1 

The model chosen  f o r  d i s c u s s i o n  i s  one i n  which n e g a t i v e  r e a c t i v i t y  

i s  i n t r o d u c e d  i n t o  t h e  r e a c t o r  a s  a r e s u l t  o f  an  i n c r e a s e  i n  t h e  tempera- 

t u r e  of  t h e  c o r e .  I t  is  assumed t h a t  t h e  p r o p e r t i e s  of t h e  r e a c t o r  and 

t h e  c o n d i t i o n s  w i t h i n  t h e  c o r e  may be  averaged  such  t h a t  t h e  e q u a t i o n s  

a d e q u a t e l y  d e s c r i b e  t h e  o v e r a l l  dynamic behav iour  o f  t h e  sys tem independent  

o f  s p a t i a l  e f f e c t s .  

I f  t h e  r e a c t o r  is  u n r e f l e c t e d  and i f  one group o f  de l ayed  n e u t r o n s  

i s  c o n s i d e r e d ,  t h e  n e u t r o n  k i n e t i c s  equa t ions  a r e  w r i t t e n  

n = n e u t r o n  d e n s i t y  ( n e u t l c c )  

C = d e l a y e d  n e u t r o n  p r e c u r s o r  d e n s i t y  ( n u c l e i / c c )  

:> = de layed  n e u t r o n  f r a c t i o n  

A = de layed  n e u t r o n  p r e c u r s o r  decay  c o n s t a n t  ( s e c  ) 

4 = g e n e r a t i o n  t i m e  ( s e c )  

p = r e a c t i v i t y  

-1 

The l i n e a r l y  tempera ture-dependent  r e a c t i v i t y  e f f e c t  i s  w r i t t e n  



where 

0 -1 a ’ =  t empera tu re  c o e f f i c i e n t  o f  r e a c t i v i t y  ( F 

T 

) 

= t empera tu re  (OF) a t  z e r o  power e q u i l i b r i u m  

and t h e  r e l a t i o n s h i p  between t empera tu re  and t h e  n e u t r o n  d e n s i t y  o r  power 

l e v e l  i s  a r r i v e d  a t  by means o f  an energy b a l a n c e  on t h e  r e a c t o r .  

The c o n s t a n t s  K and h r e p r e s e n t  a conve r s ion  f a c t o r  and a l i n e a r  h e a t  r e -  

moval p r o c e s s ,  r e s p e c t i v e l y .  Equat ion ( 4 )  i s  w r i t t e n  unde r  t h e  assumpt ion  

t h a t  t h e  c o o l a n t  f low i s  c o n s t a n t  

I n  o r d e r  t h a t  t h e  o r i g i n  of t h e  s t a t e  p l a n e  o r  s p a c e  r e p r e s e n t s  

t h e  e q u i l i b r i u m  p o i n t  o f  t h e  sys t em,  t h e  f o l l o w i n g  t r a n s f o r m a t i o n  of v a r i -  

a b l e s  i s  c o n s i d e r e d :  

n - no 
no x =  

T - TO 
T o  Y =  

c - co 
co 

7 = -  - 

The comple te  set  of e q u a t i o n s  becomes 

ay (1 + X) - bx + cz x = -  

y = dx - CY 

z = fx - gz 

where 

a = a ’To / j  
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e = m / m  

m = mass of c o o l a n t  i n  c o r e  

m = mass f iow of c o o l a n t  t h rough  c o r e  

cp = c o o l a n t  s p e c i f i c  heat  

no = o p e r a t i n g  power l e v e l  i n  k i l o w a t t s  

I f  t h e  de l ayed  n e u t r o n s  a r e  n o t  c o n s i d e r e d ,  e q u a t i o n  (8) i s  e l i m i n a t e d  

and b = c = 0. The dynamics a r e  then  d e s c r i b e d  by e q u a t i o n s  ( 9 ) .  

Applying t h e  method of  o b t a i n i n g  V(x) d e s c r i b e d  i n  S e c t i o n  (Ill), 

e q u a t i o n s  ( 9 )  a r e  w r i t t e n  i n  t h e  m a t r i x  form. 

where 

X I  = x ( t )  

I f  R and a r e  t h e  complex c o n j u g a t e  e i g e n v a l u e s  o f  t h e  l i n e a r i z e d  m a t r i x ,  

I i p = '  - 
' R  R !  - 



t 

i 11 
1 2' 

j .  
- 1  

where R ,  R = - 2 e +  

The o p e r a t i o n  of  e q u a t i o n  (11) y i e l d s  

The l i n e a r i z e d  V(x) i s  

2 2  2 
i- 1 

2 Vg(x) = -7 j -  ed x + e x x - a e  x 
2a d 1 1 2  

and t h e  n o n l i n e a r  term t o  b e  added t o  t h e  c r o s s  p roduc t  x1 x2 i s :  

1 
' - ax x (2dxl - ex2) 

2a d 4 
v n ( x >  = 2 1 2  

where V(x) = Vg(x) + Vn(x) .  

Two cases a r e  c o n s i d e r e d  f o r  comparison i n  F i g s .  2 and 3 .  

1. P r e s s u r i z e d  w a t e r  r e a c t o r  o p e r a t i n g  a t  200 mw. ( F i g .  2 )  

a = 2000 b = 100 

d = 10 f = 0 . 1  

e = 0.5  

7: N ~ ~ r l e a r  Rocket ( F i g .  3 )  

b = 500 6 
a = 10 

d = 2.0 f - 0.1  

e = 1.5 

T i i i  l a r g e s t  V(x) which w i l l  f i t  i n  t h e  r e g i o n  of V(x) > 0 i s  

s t l c ~ m  as a c i r r l e  i n  each o f  t h e  f i g u r e s .  The r e g i o n  i s  indecd small  as 

i s  e-  E C  . ; ,  TJ, ~h t!:c r e g i o n  f o r  t h e  r o c k e t  exnmplc b e i n g  t h e  s m a l l e r .  T L e  

1 8 1  :ti o ; s e r v a i i o n  is  a p e c t c d  p h y s i c a l l y  i n  l i g h t  o f  t h e  f a c t  : t h e  

r o c k e t  i s  o p e r a t i n g  . )I 1000 icies the power as t h e  PWR and t h u s  a ~ - ; i - . . i  

d - :cplacenient  in power f o r  t h e  two c a s e s  i s  f r a c t i o n a l l y  s m a l l e r  f o r  t h e  r o c k e t .  
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IV. Lurie-Letov Method 

The principal contributions to the nuclear engineering literature 

in the area of the Second Method have been made by Gyftopoulos, Levin, Nohel, 

Smets, and Timlake. Each author makes use of  a Liapunov function of the 

Lurie type, in which the conditions for stability are based upon the simul- 

taneous solution of a set of so-called stability equations. This approach 

is the basis for the book by Letov, available in English. Lurie forms re- 

quire unconditional stability of the linearized equations. 

The meaning of this statement may be clarified by consideration 

of an nth order system with one single-valued nonlinearity, f(5). 

linear portion of the system is assumed to have distinct non-zero eigen- 

The 

values. The form of the given equations is usually arranged in the so-called 

Lurie's cannonic form, in which the ith equation appears as 

- 
yi - Xi yi + f(5) 

This is equivalent to matrix diagionalization. Lurie's method then seeks 

a set of stability equations or conditions which will be valid for every 

f(5). Herein lies the power as well as the weakness of the method. The 

nonlinearity may not be severly nonlinear at all. In fact, it may be a 

simple linear gain, the least severe of all nonlinearities. If this is the 

case, the Lurie conditions m u s t  be satisfied for all values of this gain, 

or for values ranging from zero to infinity. In short, the system must be 

uncocd itiona i 1)- stab I e 

3 A third ,order systom with an .,:nbouzdcd gain, 2 3  f c r  i:lsr.ince x , 

is represefited in block diagram form in Pig. 4 ,  This system 3s not 
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ur1conditior:ell.j; s t a b l e ,  AS t h e  rocit locus of t h e  s>,s tem c r o s s e s  i n t o  the 

r ighL h a l f  p l a n €  f e r  K g r e a t e r  t han  6 .  Eimce, i10112 of LQrLe ' s  forms could  

e v e r  be found t~ prove  g l o b a l  a sywpto t l c  s t a b i l i t y .  T h i s  i s  t r u e  n o t  j;st 

because  t h e  n o n l i n e a r i t y  was chose2 5 :  x s ,  b i t  t h i s  w L l d  be t r u e  f o r  any 

nonlinearity, a s  t h e  L u r i e  method c o n s i d e r s  a l l  n o n l i n e a r i t i e s  j o i n t l y .  

Ra the r  t h a n  assume a Liapunov V- func t ion  and d e r i v e  s t a b i l i t y  

c o n d i t i o n s  v a l i d  f o r  any n o n l i n e a r i t y ,  an a l t e r n a t e  approach  might  be  t o  

a t t e m p t  t o  de t e rmine  one V- func t ion  t h a t  would f i t  a p a r t i c u l a r  c a s e .  Th i s  

i s  t h e  approach  t h a t  has  been a c t i v e l y  pursued  by c o n t r o l  e n g i n e e r s  i n  t h i s  

c o u n t r y .  C o n t r i b u t i o n s  hai;r? been made toward t h i s  end by Donaldson, Ingwer- 

son ,  R e k a s i u s ,  S c h u l t z ,  and Szego. For example,  i n  t h e  t h i r d  o r d e r  system 

c o n s i d e r e d  i n  F i g .  2 above ,  a V-funct ion  

s t a b i l i t y  f o r  an i n i t i a l  v a l u e  o f  x l e s s  

beyond which Routh Hurwitz  s a y s  even the  

when 

3 4 2 v = -  + 2x + 6x1x2 
4 x1 1 

2 + x  
3 

and x = 

2r- 213 

2 
x1 = 'v 6 

V = 3 / 4  6 + 2(6)  

s u i t a b l e  f o r  p rov ing  a sympto t i c  
n 

t han  o r  e q u a l  to'<', 

l i n e a r  system i s  n o t  s t a b l e  i s  

t h e  v a l u e  

(25) 
+ - x 2 + 2 x x  11 + 3 x x  

2 2  1 3  2 3  

x3 = 0 

= v1 

The v a l u e  of V r e p r e s e n t s  t h e  l a r g e s t  c l o s e d  s u r f a c e  w i t h i n  which t h e  s y s -  

t em may s t a r t  and be  gua ran teed  t o  r e t u r n  t o  t h e  o r i g i n .  I n  t h i s  c a s e ,  V 

i s  p o s i t i v e  d e f i n i t e  i n  the  e n t i r e  space  b u t  V c e a s e s  t o  be  n e g a t i v e  s e m i -  

d e f i n i t e  a t  x = 

1 

*- . 1 
I t  i s  i m p o r t a n t  t o  emphasize t h a t  t h e  V - f u n c t i o n  s t a t e d  above w a s  

d e t e r m i n e d ,  o r  r a t h e r  g e n e r a t e d ,  to  f i t  t h i s  s p e c i f i c  problem. N o  s t a b i l i t y  
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e q u a t i o n s  need be s a t i s f i e d .  A l l  t h a t  i s  n e c e s s a r y  i s  t h a t  V and V m e e t  

t h e  c o n d i t i o n s  of t h e  Liapunov theorem. The method advoca ted  by t h e  

a u t h o r s  is  t h e  V a r i a b l e  G r a d i e n t  method of g e n e r a t i n g  Liapunov f u n c t i o n s .  

Th i s  method i s  Dresented  i n  t h e  fo l lowing  s e c t i o n .  

I t  i s  f u r t h e r  shown t h a t  the Lur i e -Le tov  approach ,  used by 

Gyf topou los ,  Lev in ,  Nohel,  Smets ,  and Timlake ,  i n  n u c l e a r  a p p l i c a t i o n s  ' -  

u n n e c e s s a r i l y  r e s t r i c t i v e  and bound t o  f a i l  t o  prove  s t a b i l i t y  i n  a l d r g e  

number o f  c a s e s  when s t a b i l i t y  a c t u a l l y  does e x i s t .  I n  o r d e r  t o  overcome 

t n e  obvious  shor t -comings  of t h e  Lur ie -Letov  t e c h n i q u e ,  a means i s  p r e -  

s e n t e d  o f  g e n e r a t i n g  a p a r t i c u l a r  V- func t ion  t o  f i t  t h e  problem a t  hand. 

Th i s  approach ,  c a l l e d  t h e  V a r i a b l e  Grad ien t  Method, overcomes t h e  d e f i c i e n -  

cies of t h e  Lur i e -Le tov  approach  and requires no p a r t i c u l a r  s t a t e  v a r i a b l e  

r e p r e s e n t a t i o n ,  such  a s  t h e  L u r i e  canonic  form. S p e c i a l  emphasis i s  

p l aced  on t h e  u s e  of  t h e  " n a t u r a l "  s t a t e  v a r i a b l e s ,  d i r e c t l y  r e l a t e d  t o  

t h e  p h y s i c a l  s y s t e m .  I n  t h i s  way d i r e c t  p h y s i c a l  i n t e r p r e t a t i o n  and i n t u i -  

t i o n  may be a p p l i e d  t o  t h e  problem. 

Examples a r e  p r e s e n t e d  to i l l u s t r a t e  t h e  mechanics  of  t h e  method 

LL,C L I C I L U L - L  3 L U C L  Y U L L . u " I L Y .  Inc?udP,d dl,ll - - >  * L A  L l l ~  advailtaged "f iiSe o f  *L- ~ f - - t . . . - - l l l  ,-to&* - . o r : o h l n n  

a r e  a p p l i c a t i o n s  t o  r e a c t o r  dynamics w i t h  o r  w i t h o u t  de l ayed  n e u t r o n  e f f e c t s  

and w i t h  t empera tu re  dependent  r e a c t i v i t y  e f f e c t s  which a r e  of p r a c t i c a l  

impor t ance .  

V .  V a r i a b l e  - G r a d i e n t  Method 

A s  t h e  name i m p l i e s ,  t h e  v a r i a b l e  g r a d i e n t  method of g e n e r a t i n g  

V - f u n c t i o n s  i s  based  on t h e  assumption of a g e n e r a l  v e c t o r  f u n c t i o n  V V .  

The g r a d i e n t  of V i s  a p a r t i c u l a r l y  i n t e r e s t i n g  f u n c t i o n  s i n c e  b o t h  V and V 

can  be  de t e rmined  from t h i s  v e c t o r .  



1 7  

The u s e  o f  V V  f o r  de t e rmin ing  V was mentioned p r e v i o u s l y  i n  t h e  

d i s c u s s i o n  o f  t h e  Second Method. The r e s u l t  i s  r e p e a t e d  h e r e  f o r  r e f e r e n c e .  

/ *  
V = V V  x .  

V i s  o b t a i n e d  a s  a l i n e  i n t e g r a l  of V V  as 

f ';7V / - dx - v = ,  
J 
0 

The upper  l i m i t  h e r e  i s  n o t  meant t o  imply t h a t  V i s  a v e c t o r ,  

b u t  r a t h e r  t h a t  t h e  i n t e g r a l  i s  a l i n e  i n t e g r a l  t o  an a r b i t r a r y  p o i n t  i n  

t h e  phase  space  l o c a t e d  a t  (x  1, x2, . .. , x n > .  

g r a l  can be made independent  of t h e  p a t h  f o f  i n t e g r e t i o n ,  t h e  s i m p l e s t  of  

which i s  i n d i c a t e d  by t h e  expanded form o f  e q u a t i o n  2 8 .  

A s  shown t ,e low,  t h i s  i n t e -  

v =I 1 vvl dx 

x1,(x2=x3 = . . .  - - xn = 0) x2(x1=2.1, x =x =-: = 0)  3 4 n  

f 'JV dx 
r 

+ J 2 2  
0 0 

= x  ) 
n-1  n-1  x n (x  1 =x 1' " '  Y X  

r 

+ ... + I 
.I 
0 

:7Vn dxn 

where t h e  component o f  t h e  v e c t o r  VV i n  t h e  xi d i r e c t i o n  i s  oVi - a V  -a,l* 
- 

Standa rd  t e x t s  on v e c t o r  c a l c u l u s  show t h a t ,  f o r  a s c a l a r  f u n c t i o n  

V t o  be o b t a i n e d  u n i q u e l y  from a l i n e  i n t e g r a l  of  a v e c t o r  f u n c t i o n  V V ,  t h e  

m a t r i x  5 formed by 8?Vi/ax ; m u s t  be symmet r i ca l ;  t h a t  i s  - 
I 1 
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x 1  x1 

. .  
a VV* 

X 
n ,  

m u s t  b e  a symmet t i ca l  m a t r i x .  Thus ,  i n  t h e  t h i r d - o r d e r  c a s e ,  f o r  example,  

t h e  r equ i r emen t  on s ta tes  t h a t  

and 

These a r e  s i m p l y  t h e  u s u a l  c u r l  e q u a t i o n s ,  which s p e c i f y  t h a t  

VXTV = 0 f o r  V t o  be un ique ly  ob ta ined  by a 1 ~ 1 i e  i n t e g r a l  o f  V V .  

c c ~ ? d i t i m  of t h e  m a t r i x  3 . i s  thus  a g e n e r a l i z e d  c u r l  requirercent  f o r  t h e  

n -d imens iona l  c a s e .  

The 

The problem of d e t e r m i n i n g  a V- func t ion  which s a t i s f i e s  Liapilnov's 

theorem i s  then  t ransformed i n t o  t h e  problem of  f i n d i n g  aVV such  t h a t  t h e  

n -d imens iona l  c u r l  o f  VV = 0 . F u r t h e r ,  t h e  V and V de te rmined  from VV 

must be  s u f f i c i e n t  t o  prove  s t a b i l i t y ;  t h a t  i s ,  they  m u s t  s a t i s f y  Liapunov ' s  

theorem. On t h e  s u r f a c e ,  i t  a p p e a r s  a s  though t h e  problem i s  be ing  made 

more d i f f i c u l t ,  as two p.ew f u n c t i o n s  V V  and 

A c t u a l l y ,  t h e  o p p o s i t e  is  t r u e .  The c u r l  e q u a t i o n s  a r e  t h e  d e v i c e  t h a t  

$ have been i n t r o d u c e d .  

p e r m i t s  a s o l u t i o n  of  t h e  s t a b i l i t y  problem s t a r t i n g  w i t h  ' O V .  



19 

In a t t e m p t i n g  t o  g e n e r a t e  V- func t ions  f o r  a sys tem w i t h  non- 

l i n e a r i t i e s  expres sed  i n  pJ lynomia1  f o r m ,  Szego assumes t h e  c o e f f i c i e n t s  

of  t h e  u s u a l  q u a d r a t i c  form a r e  n o t  f i x e d ,  b u t  are f u n c t i o n s  of t h e  s t a t e  

v a r i a b l e s .  

s t e p  i n  t h e  method, VV i s  s e t  e q u a l  t o  t h e  p roduc t  of an  a r b i t r a r y  m a t r i x  

The same assumpt ion  i s  made h e r e  conce rn ing  V V .  A s  a f i r s t  

and t h e  s t a t e  v e c t o r  5 

where 

S u b s t i t u t i n g  i n t o  e q u a t i o n  2 7  we have f o r  V 

7 The ith components of L V  is g i v e n  by 

The q i i ( x )  m L s t  be  chosen  p o s i t i v e  t o  i n s u r e  t h a t  V has  a t  l e a s t  a chance 

o f  b e i n g  p o s i t i v e  d e f i n i t e .  The remaining q i j ( x )  a r e  l e f t  a s  cl;mpletely 

undetermined  q u a n t i t i e s .  W r i t t e n  i n  t h i s  g e n e r a l  form, V V  a p p e a r s  q u i t e  

f o r m i d a b l e ,  However, s e v e r a l  of t h e  q i j  o f t e n  t u r n  o u t  t o  be  c o n s t a n t s ,  

i n c l u d i n g  z e r o ,  o r  t hey  a r e  obvious  from c o n s t r a i n t s  on V imposed by t h e  

i n v e s t i g a t o r ,  o r  they  a r e  de te rmined  from t h e  c u r l  e q u a t i o n s .  Thus s t e p  

1 of  t h e  method i s  accompl ished .  The comple te  p rocedure  i s  o u t l i n e d  h e r e w i t h .  



1. 

2 .  

3 .  

4 .  

5 .  

6 .  

Assume Y V  i s  o f  the form shown i n  e q u a t i o n  30. 

From CV, de te rmine  V .  

C o n s t r a i n  V t o  b e  a t  least  s e m i d e f i n i t e .  

Use t h c  n ( n - 1 ) / 2  c u r l  e q u z t i o n s  imp l i ed  by t h e  
s t a t e m e n t  t h a t  must  be symmetr ic  t o  d e t e r n i n e  
t h e  remain ing  unknown c o e f f i c i c , n t s  i n V V .  

Recheck V ,  because  t h e  a d d i t i o n  ?f terms r e q u i r e d  
as a r e s u l t  o f  s t e p  4 may a l t e r  V. 

Determine V by e q u a t i o n  28, and check  f o r  t h e  
r e g i o n  of c l o s e d n e s s .  

I n  p r a c t i c e ,  i t  i s  o f t e n  n e c e s s a r y  t o  ccmple t e  p a r t  of s t e p  4 

b e f o r e  i t  i s  p o s s i b l e  t o  f i r i i s h  s t e p  3 c o m p l e t e l y .  Two examples w i l l  

s e r v e  t o  i l l u s t r a t e  t h e  p r o c e d u r e .  

The v a r i a b l e  g r a d i e n t  method i s  a p p l i e d  f i r s t  t o  e q u a i i o n s  1 7  

and 18, t h e  second o r d e r  c a s e .  Vex) is g i v e n  by t h e  p r o d u c t  

f d a  -en 
i 22 --22 

I n  o r d e r  t o  i n s u r e  t h a t  V(x) i s  a t  l e a s t  n e g a t i v e  s e m i - d e f i n i t e ,  t h e  f o l -  

lowing s t e p s  a r e  t a k e n :  

1. a21 = 0 

- 2 .  S i n c e  a = a c o n s t a n t ,  a12 - = 0 

3. 
K 1  

4 .  The c r o s s  p r o d u c t  term must be  ze ro ,  so all - r+q = - 
l+Xl 

2 1  

a22 = K > 0 

- 

The c o r r e s p o n d i n g  Liapunov f u n c t i o n s  a r e  

a 2> v ( x >  = K~ ( [xl  - In (1  + x l > i  + -- 1 

J 2d x2  

a 2 V(x) = - K 1  e x 2  



2 1  

Assuming t h a t  K = 1, V(x) = Cons tan t  is  p l o t t e d  i n  F i g .  5 ,  w i t h  

t h e  x a x i s  s c a l e d  up by a f a c t o r  of ( a / 2 d )  . The dashed c u r v e s  r e p r e s e n t  

t h e  V(x) a r r i v e d  a t  by assuming t h e  g e n e r a l  q u a d r a t i c  form d i s c u s s e d  p r e -  

1 
f 

2 

v i o u j l y  under  t h e  l i n e a r i z a t i o n  method. ( I t  i s  r e c a l l e d  t h a t  t h e  l a r g e s t  

V(x) f o r  che l i n e a r i z e d  case i s  2 x 10 (10 f o r  t h e  r o c k e t ) .  Th i s  r e p r e -  3 -6 

s e n t s  an ex t r eme ly  s m a l l  r e g i o n  i n  F i g .  5 . )  I t  i s  noted  t h a t  t h e  V(x) 

o b t a i n e d  from t h e  v a r i a b l e  g r a d i e n t  always l i e s  w i t h i n  rhe r e g i o n  x l  > - 1. 

These a r e  t h e  o n l y  v a l u e s  x1 can  assume p h y s i c a l l y ,  s i n c e  f o r  any g i v e n  

o p e r a t i n g  power, x1 = -1 when t h e  power l e v e l  goes t o  z e r o .  

The a d d i t i o n  of equl-:tion 29,  and t h e  d e l a y e d  n e u t r o n  e f f e c t s  

i n  e q u a t i o n  2 7 ,  l e a d s  t o  t h e  t h i r d  o r d e r  problem. I f  z = x3 , 

i 

1. Le t  a = a = 3 
13 31 

2 .  S e t  x x c o e f f i c i e n t  = 3 

3 .  S e t  x x c o e f f i c i e n t  = 0 

4 .  x3 c o e f f i c i e n t  = 0 

5 .  From t h e  expe r i ence  ga ined  i n  t h e  second o r d e r  

2 3  

1 2  

S e t  t h e  c o n s t a n t  p a r t  of x 

K1 problem, l e t  all = - 
1-t-x 

The r e s u l t s  of s t e p s  2 ,  3 ,  and 4 a r e  
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- -  1 a K 1  + aI2  ( e  f b - ---I b f  

3 '  "22 - d e+ f 
- bd 

al 2 f ( e + f )  
4 .  a33 - - -- 

I t  i s  s e e n  t h a t  a33 must be a p o s i t i v e  number, so  l e t  a = a 
12 21 

= - K 
2 

l h e  r e s u l t s  a r e :  

' 2 i a  e2  ei-b+f 2 ' x2 
+ K,d 1 x1 - j K  -e - K a ( l + x l )  + K 2d - (- e+f - I d  2 i - - 

Klb 
x1 x3 

v = K ~ I X  - I n  (i+X,)j + [K - a - e e+b+f 2 
L1  d 1 2d K2 2d x2 

b bd 2 
+ K  x - K  - 

2 f ( e + f >  3 2 e+f x2 x3 

I n s e r t i n g  t y p i c a l  numbers f o r  a \ r e r s u r i z e d  water r e a c t o r ,  and 

a g a i n  s e t t i n g  K1 = 1, 

2 

4 

- 1700K2 x3 
7 2  

rlO0 - 2000K2(1+x1) 1 x 2  - I  100 + 1 0 K , j  1 2  x1 

100 + -  x1 x3 li-x 1 

2 - l S 7  lo K2 x 2  x3 

F o r  s m a l l  v a l u e s  o f  x l ,  t h e  c o e f f i c i e n t  o f  x2 2 becomes p o s i t i v e  i f  K 2  < 1/20.  

T h i s  may be a g u i d e  i n  s e l e c t i n g  I< 

s a z i l y  ind ica l r e  t h a t  V(x) i s  p o s i t i v e  f o r  r e g i o n s  r:f i n t e re s t  i n  t h e  s t a t e  

s p a c e .  

i f  K2 < 20. 

a l t h o u g h  a l a r g e r  v a l u e  does n o t  neces -  2 '  

The s i g n  d e f i n i t e n e s s  of  t h e  second o r d e r  t e ims  o f  V(x) i s  p r e s e r v e d  
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The e f f e c t  of t h e  a d d i t i o n  of de l ayed  n e u t r o n s  t o  t h e  sys t em i s  

s e e n  most c l e a r l y  i n  t h e  x12 term of  i ( x ) ,  where t h e  de l ayed  n e u t r o n  f r a c -  

t i o n  ;Ippears as a r e l a t i v e l y  l a r g e  n e g a t i v e  c o e f f i c i e n t .  

Although t h e  v i s u a l i z a t i o n  of t h e  e f f e c t  o f  v a r y i n g  K i s  h i n d e r e d  2 

by t h e  p r e s e n c e  of t h r e e  d imens ions ,  i t  i s  h e l p f u l  t o  examine t h e  r e g i o n s  i n  

each  o f  t h e  t h r e e  p l a n s  s e p a r a t e l y .  Graph ica l  i l l u s t r a t i o n s  of t h i s  p ro -  

c.?dure a r e  shown i n  F i g s .  6a, b .  It i s  s e e n  t h a t  t h e  s i z e  of t h e  r e g i o n  

i n  which V i s  n e g a t i v e  s e m i - d e f l n i t e  may be  i n c r e a s e d  i n  one p l a c e  w h i l e  i t  

d e c r e a s e s  i n  a n o t h e r .  

1 A s  an  example o f  choos' .ng a V(x) , c o n s i d e r  t h e  c a s e  where K = - . 
2 100 

The l a r g e s t  V(x) which w i i l  f i t  i n  t h e  r e g i o n  V k 0 i s  V(x; = 1 7 .  

V I .  Summary -- 
The advantag2.s of  t h e  V a r i a 3 l e  G r a d i e n t  method a r e  e v i d e n t  from 

t h e  examples .  I n  t h e  second o r d e r  c a s e ,  t h e  l i n e a r i z a t i o n  t e c h n i q u e  l e a d s  

t o  a r e g i o n  of s t a b i l i t y  which i s  ex t remely  s m a l l  whereas  t h e  v a r i a b l e  

g r a d i e n t  l e a d s  t o  a c o n c l u s i o n  o f  s t a b i l i t y  f o r  a l l  p h y s i c a l l y  r e a l  v a l u e s  

of  t h e  v a r i a b l e s .  I t  is  p o s s i b l e  t h a t  t h e  s m a l l e r  r z g i o n  may be  adequa te  

for c a s e s  i n  which t h e  system c o n d i t i o n s  would never  be  expec ted  t o  change .  

However, f o r  a systeni whicii would encokn te r  c7 w i d e  range  o f  c o v d i t i o n s  <!nd 

l a r g e  i n c r e m e n t a l  power derrands, such  as  a nuc :ear  r o c k e t ,  i t  i s  n e c e s s a r y  

t o  be  a b l e  t o  conclude  s t a b i l i t y  f o r  as  l a r g e  a r e g i o n  a s  p o s s i b l e .  

The d e s i r a b i l i t y  of  employing t h e  n a t u r a l  system V a r i a b l e s  i s  

s e e n  i n  t h e  e a s e  w i t h  which t h e  V a r i a b l e  Grad ien t  method i s  a p p l i e d  w i t h  

t h e  e q u a t i o n s  i n  t h e i r  o r i g i n a l  form. I t  i s  p o s s i b l e  t o  cor;lbine t h e  equa- 

t i o n s  i n  phase  v a r i a b l e  r e p r e s e n t a t i o n .  Th i s  r e q u i r e s  unnecessa ry  m a n i p u l a t i o n  

arid l e a d s  t o  combersome n o n l i n e a r  terms.  Also, some p h y s i c a l  i n t u i t i o n  m a y  
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b c  used i n  t h c  a n a l y s i s  because p e r m i s s a b l e  limits o r  t h e  ter1perature  Jnd 

power l e v e l  are known. 

R e g a r d l e s s  of  t h e  t e c h n i q u e  used i n  a p p l y i n g  the Second Method, 

h i g h e r  o r d e r  problems become somewhat d i f f i c u l t  t o  approach .  

G r a d i e n t  method r educes  t h e  l a b o r  somewhat by e l i m i n a t i n g  p r e l i m i n a r y  manip- 

u l a t i o n s .  F o r  lower o r d e r  problems i t  i s  n o t e d  t h a t  n o n l i n e a r i t i e s  more 

compl i ca t ed  t h a n  t h e  one  c o n s i d e r e d  i n  t h i s  r e p o r t  may b e  hanciled by t h e  

V a r i a b l e  G r a d i e n t  method w i t h o u t  a p p r e c i a b l y  i n c r e a s i n g  the d i f f i c u l t y  of  

t h e  problem. 

f u n c t i o n  of  t e m p e r a t u r e  o r  a f u n c t i o n  of more t h a n  one v a r i a b l e  such  as i n  

a n u c l e a r  r o c k e t ,  may be worked t o  i n c l u d e  an ex t r eme ly  wide r a n g e  o f  

o p e r a t i n g  c o n d i t i o n s .  

The V a r i a b l e  

A g e n e r a l  prob1c.m i n  which t h e  r e a c t i v i t y  i s  a n o n l i n e a r  

V I I .  Research t o  be  Conducted P u r i n g  t h e  Kext Report  P t r iK 

Exper i ence  galned i n  t h e  T p n l i c n t i o n  of thc Second Method o f  

Liapunov t o  b a s i c  examples l e a d s  t o  a c o n s i d e r a t i o r  of  more d i f f i c u l t  p r a c t i -  

c a l  problenis .  I n  p a r t i c u l z r ,  f o r  t he  a n a l y s i s  of  n u c l e a r  r o c k e t  symptoms, 

t h e  f o l l o w i n g  t h r e e  a r e a s  m e r i t  i n v e s t i g a t i o n .  

P. T i m e  Vary icg  Parameter  Problems 

I n  a d d i t i o n  t c  r e a c t i v i t y  e f f e c t s  i n h e r e n t  i n  a r e a c t o r  sys t em,  

i t  i s  i n w o r t a n t  t h a t  t h e  e x t e r n a l l y - r e g u l a t e d  r e a c t i v i t y  iniJuts be c o n s i d e r -  

ed .  T h i s  i s  p a i t i c u l a r l y  t r u e  i n  t b e  s t a b i l i t y  a n a l y s i s  o f  a n u c l e a r  r o c k e t  

sys t em i n  which t h e  power l e v e l  would be a d j u s t e d  o v e r  a wide ranF,e by u s e  

o f  a programmed r e a c t i v i t y  i p s e r t i o n .  

P h y s i c a l l y ,  r e a c t i v i t y  i n p u t s  a r e  loo1 ed upon a s  system d r i v i r - g  

f u n c t i o n s ;  f o r  pu rposes  of a n a l y s i s ,  howe\.er, t h i s  i n p u t  a p p e a r s  as a t i m e -  

v a r y i n g  pa rame te r  i n  t h e  n o n l i n e a r  2 - n e t i c s  e q u a t i o n  
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'1 he  nlos t p r o r i s i n g  approach i n  applyir:g 1 . iapunov's  Second Method 

t o  t h i s  c l a s s  o f  problimis i s  t o  i n t r o d u c e  eit1ic.r t i ice o r  :I f u n c t i o n  o f  t i m e  

a s  m c t h e r  s t a t e  v a r i a b l e .  Th i s  n e c e s s a r i l y  i r c r e a s e s  t h e  o r d e r  o f  t h e  

problem by o n e ,  b u t  o t h e r  methods r e l y  Gn t h e  s u ~ p o s i t i o n  t h a t  t h e  p a r a -  

me te r s  change v e r y  s l c w l y  w i t h  t ime .  This  i s  n o t  v a l i d  f o r  t h e  case o f  

r a p i d l y  v a r y i n g  r e a c t i v i t y  i n p u t s .  

The ~ s e  of  bounded i n p u t s  l eads  t o  a d i s c u s s i o n  of system hound- 

cdness  r a t h e r  thnn asymCtot ic  s t a b i l i t y .  The s o l u t i o n  i s  bounded i f  t h e r e  

e x i s t s  a c l o s c d  r e g i o n  about  t h e  < q u i l i b r i u r . i  p o i n t  o u t s i d e  o f  which d V i d t  

j.s negat j -ve d e f i n i t e .  I n  a r e a c t o r  t h i s  c o r r e s p o n d s  t o  a bounded i n c r e a s e  

i n  t h e  power, l e v e l  i n  r e sponse  t o  a bounded r e a c t i v i t y  i n p u t  such  as a 

s t e p  f u n c t i o n .  

E .  Coupled Ccre R e e c t o r s  

T h i s  s t u d y  o f  a r r a y s  of  i ndependen t ly  s u b c r i t i c a l  c o r e s ,  t h e  n e t  

r e s u l t  o f  which i s  a c r i t i c a l  c o n f i g u r a t i o n ,  i s  compl i ca t ed  by t h e  e x i s t e n c e  

c f  t i m e  d e l a y  t e r m  i n  t h e  n e u t r o n  k i n e t i c s  e q u a t i o n s .  T h i s  de l ayed  s o u r c e  

term a r i s e s  fr'om t h e  i n t e r a c t i o n s  between t h e  i n d i v i d u a l  c o r e s .  The s t n b -  

L 1 F t y  y r n h l e m  f o r  s y s t e m s  w i t h  d e l a y  s h c u l d  be  t r e a t e d  most g e n e r a l l y  by 

t h e  a p p l i c a t i o n  of  Liapunov's  D i r e c t  Method. 

I n  a d d i t i o n  t o  a n  i n v e s t i g a t i o n  of a s y m p t o t i c  s t a b i l i t y ,  t h e  e f f e c t  

on each cCjre of  a r e a c i i v i t y  ir.put to one o r  s e v e r a l  c o r e s  i s  i m p o r t a n t .  

The methods found t o  bc u s e f u l  i n  the  a n a l y s i s  of t ime v a r y i n g  pa rame te r  

problems shou ld  b e  d i r e c t l y  a p p l i c n b l c  i n  this c a s e .  

Althcugh t h e  coupled core  s t a b i l i t y  a n a l y s i s  would d e a l  w i t h  a 

h i g h  o r d e r  sys t em,  t h e r e  i s  c o n s i d e r a b l e  s i m i l a r i t y  and syr;m:etry among t h e  

e q u p t i o n s ,  t h u s  t h e  s o l u t i o n s  should no t  be as fo rmidab le  a s  f o r  o t h e r  o t h e r  
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h i g h  o r d e r  problems.  T h i s  problem hFs a d d i t i o n a l  fundamental  importance 

s i n c e  a f u r t h e r  s t u d y  c o u l d  l e a d  t o  .In unde r s t and ing  c f  t h e  s p a t i a l l y  de -  

pendent  dynamics of r e a c t o r  c o r e s .  

C .  Suboptimal C o n t r o l  o f  Non l inea r  Systems 

I n  r e c e n -  y e a r s  t h e r e  h a s  been an e v e r  i n c r e a s i n g  gap between 

p r a c t i c e  and t h e o r y  i n  t h e  a r e a  o f  opt ima1 c o n t r o l .  A l l  of the tecl lniques 

p re se r : t l y  employed f o r  d e s i g n i n g  o p t i m a l  systems i n v o l v e  e x c e s s i v e  anour,ts 

of computa t iona l  l a b o r  p a r t i c u l a r l y  i n  t h e  n o n l i n e a r  c a s e .  The r e s u l t i n g  

systems a r e  g e n e r a l l y  open loop i n  n a t u r e  and hence v e r y  s e n s i t i v e  t o  

p a r a m e t e r  v a r i a t i o n s  and e x t e r n a l  d i s t u r b a n c e .  A l so ,  i n  g e n e r a l ,  l i t t l e  

o r  no p h y s i c a l  i n t u i t i o n  i s  ga ined  from t h e s e  s o l u t i o n s .  

One approach wh-Lch has  been sugges t ed  f o r  a l l e v i a t i n g  t h e s e  p rob-  

l e m s  i s  subop t ima l  s y s t e m s ,  s y s t e m s  which do n o t  p r c v i d e  t h e  optimum i n  

performance but  which a r e  mcre e a s i l y  r e a l i z e d  ic a p r a c t i c a l  c l o s e d  loop 

form. S i n c e  t h e  performance index  used i s  a r b i t r a r y  i n  many c a s e s ,  t h e  

need f o r  compl i ca t ed  sys t ems  which n,inimize t h e  performance index  may be  

high1.y q u e s t i o n a b l e .  I t  i s  proposed t h a t  an i n v e s t i g a t i o n  o f  subop t ima l  

c o n t r o l  be  uneercaken Using  2s  a h a s i c  t o o l  t h e  Liapunov € u n c t i o n .  With 

t h i s  approach i t  i s  n e c e s s a r y  t h a t  the autononous system b e  ( a s y m p t o t i c a l l y )  

s t a b l e  - -  t h i s  would n o t  appepr  t o  be o v e r l y  r e s t r i c t i v e .  I n  t h e  c o u r s e  o f  

t h e  s t u d y ,  i t  w i l l  undoubtedly become n e c e s s a r y  t o  make s e v e r a l  o t h e r  re- 

s t r i c t i o n s  o f  t h e  c l a s s  o f  system t o  be i n v e s t i g a t e d  o r  t h e  performance 

i n d i c e s  erap l cyed  . 

A subop t ima l  d e s i g n  t echn ique  i s  i d e a l l y  s u i t e d  t o  problems,  s u c h  

as t h e  n u c l e a r  r o c k e t  c o n t r o l  system, i n  which t h e  d e s c r i b i n g  e q u a t i o n s  

a r e  h i g h l y  approx ima te .  The u s e  of a compl i ca t ed  d e s i g n  p r o c e d u r e  t o  f i n d  



29 

an optimur.? con. t ro1 i n  t h i s  c a s e  i s  q u e s t i o n a b l e  p a r t i c u l a r l y  s i n c e  t h e  

Fnswer w i l l  g e n e r a l l y  be  i n  t h e  form of open l o c p  c o n t r o l .  I f  i t  were 

p o s s i b l e  t o  d e s i g n  a p r a c t i c a l  c l o s e d  l o o p  sys tem which p e r f o m s  i n  an  ap-  

F rox ima te ly  optimum f a s h i o n  t h i s  would c e r t a i n l y  be t h e  more d e s i r a b l e  

e n g i n e e r i n g  s o l u t i o n .  
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Optimum Reac to r  Shutdown Program f o r  Minimum Xenon Bui ldup  

I .  L n t r o d u c t i o n  

A f t e r  shutdown of  a h igh - f  l ux  thermal  r e a c t o r ,  tlie xenon concen- 

t r a t i o n  w i l l  i n c r e a s e  f o r  niany h o u r s .  S ince  xenon f o r m a t i o n  i s  tlie r e s u l t  

o f  t h e  r a d i o a c t i v e  decay  of  i o d i n e ,  t h e  niaximum xenon c o n c e n t r a t i o n  depends  

a l s o  on  he i o d i n e  c o n c e n t r a t i o n  a t  t h e  time of sl iutdcwn. The maximum 

xenon c o n c e n t r a t i o n  i n c r e a s e s  r a p i d l y  wi th  f l u x  l e v e l .  For  a f l u x  lebe l  

of 1 d 4  n e u t r o n s  per s q u a r e  c e n t i a i c t e r  p e r  second ttie maximum xenon cc?n- 

c e n t r a t i o n  a f t e r  s h u t d o ~ n  i s  4 times the  e q u i l i  1,riurn xenon cc2ncentrat ion 

a t  t i n e  of  shutdown.  The  maximum xenc-n c o n c e n t r a t i o n  co r re spond ing  t o  a 

f l u x  l e v e l  of l o L 5  ne l i t rons  per squa re  c e n t i m e t e r  per second i s  50 t i m e s  

g r e a t e r  t h a n  the e q u i l i h r i u m  t a l u e .  In o r d e r  t o  s t a r t  the r e a c t o r  any 

t i m e  a f t e r  shutdown, s u f f i c i e n t  excess  r e n c t i v i  t y  must be p r e s e n t  t o  o v e r -  

r i d e  the xenon p o i s o n i n g .  The ariicunt u f  excess r c a c t i k i  t y  r e q u i r e d  t o  

o v e r r i d e  t h e  x e n ( ~ n  p o i s o n i n g  c a n  l,e ininirnixcc! I y cleccrm; n ing  a n  optiinum 

r e a c t o r  stIutdown program. The development o f  opt imun r e a c t o r  shutdown 

p r o g r a m  h i v e  been i n v e s t i g a t e d  by Ash, Bellman and Ka1nt;a u s i n g  dynamic 

progranuning.' 

no so lu t i . on  was g i v e n .  

s i m p l e - p r e - s e l e c t e d  shutdown program, such  a s  e x p o n e n t i a l  o r  l i n e a r  func -  

t i o n s ,  i n  t h e  r e d u c t i o n  of t h e  maximum xenon c o n c e n t r a t i o n .  These programs 

a r e  i n  no sense o p t i r i t t l .  The approach t o  t h e  s o l u t i o n  o f  t h e  prol ' lem p r e -  

s e n t e d  h e r e  i s t , ased  on Pon t ryag ins  Mrximum P r i n c i p l e .  

~ u e  t o  t h e  s i z e  o f  cc'mputer necessa ry  t u  so lve  c h i s  p r o t l e m  

F r e s d a l l  and Babb2 i n v e s t i g a t e d  the e f f e c t  of a 

3 

P o n t r y a g i n s  &ximum P r i n c i p l e  i s  used t o  de te rmi  ne a n  optimrirn 

r e a c t o r  shutdnwn program t h a t  w i l l  minimize t h e  inininiiim v a l u e  o f  xenon 

30 
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c o n c e n t r a t i o n .  Optimum shutdown programs have been de termined  f o r  f l u x  

l e v e l s  r ang ing  between n/cm2-sec t o  n/cm2-sec and f o r  c o n t r o l  

t imes u p  t o  7 h o u r s .  R e s u l t s  show t h a t  c o n s i d e r a b l e  r e d u c t i o n  i n  t h e  p e a k  

xenon c o n c e n t r a t i o n  can  b e  accomplished by r e l a t i v e l y  s imple  shutdown programs.  

11. Formu:.ation of  t h e  Problem -- 

I n  t h e  model used h e r e ,  i t  i s  assumed t h a t  t h e  s t a t e  o f  t h e  

r e a c t o r  can  be d e s c r i b e d  by t h e  n e u t r o n  f l u x  d ,  t h e  i o d i n e  c o n c e n t r a t i o n  

I ,  and t h e  xenon c o n c e n t r a t i o n  X .  The e q u a t i o n s  d e s c r i b i n g  t h e  xenon con- 

c e n t r a t i o n  as a f u n c t i o n  of t ime a r e :  

0 

I = y 1  Z f  Q - A11 - a1 Q I 

A =  Tf  6 + X , I  - A ,  x - u3 @ x 
0 .. 

y, - - 

w i t h  t h e  i n i t i a l  c o n d i t i o n  

d(o> = do X ( 0 )  = x 
0 

I(0) = Io ( 3 )  

c 

I 

The symbols used i n  t h e  above e q u a t i o n s  a r e  d e f i n e d  below: 

= f i s s i o n  y i e l d  o f  i o d i n e  

= f i s s i o n  y i e l d  of  xenon 

YL 

y2 

h = decay  c o n s t a n t  

T f  = macroscopic  f i s s i o n  c r o s s  s e c t i o n  

u = microsccp ic  a b s o r p t i o n  c r o s s  s e c t i o n  

The l a s t  term i n  e q u a t i o n  (1 )  i s  neg lec t ed  s i n c e  i t s  c o n t r i b u t i o n  i s  n e g l i g i b l e  

f o r  f l u x  levels less t h a n  10 

d = 0 ,  t h e  i o d i n e  and xenon c o n c e n t r a t i o n  a s  a f u n c t i o n  of t ime a f t e r  s h u t -  

down i s  g i v e n  by e q u a t i o n s  ( 4 )  and (5)  r e s p e c t i v e l y ,  

16 
n/cm2-sec.  So lv ing  e q u a t i o n s  (1) and ( 2 )  f o r  



t 
1 = 1  e b 

w i t h  t h e  i n i t i a l  c o n d i t i o n s  

I ( b )  = Ib  X(b) = Xb 

3 2  

( 4 )  

I n  e q u a t i o n s  ( 4 )  and (5)  t h e  s u b s c r i p t  b deno tes  t h e  i o d i n e  and xenon con- 

c e n t r a t i o n  a t  t h e  t i m e  o f  shutdown. Taking t h e  d e r i v a t i v e  o f  e q u a t i o n  (5)  

and e q u a t i n g  t o  z e r o  t h e  t ime co r re spond ing  t o  t h e  o c c u r r e n c e  of  maxirnun 

xenon c o n c e n t r a t i o n  can  be o b t a i n e d  

S u b s t i t u t i n g  e q u a t i o n  (8) i n t o  e q u a t i o n  ( 5 ) ,  t h e  maximum v a l u e  o f  t h e  xenon 

c o n c e n t r a t i o n  a f t e r  shutdown, in  terms of  t h e  i o d i n e  and xenon c o n c e n t r a t i o n  

a t  t h e  t ime  of shutdown, i s  g iven  by 

The problem i s  t o  de te rmine  a f l u x  program f o r  t h e  c o n t r o l  t i m e  

i n t e r v a l  O <  t <  b such  t h a t  t h e  maximum v a l u e  of  xenon c o n c e n t r a t i o n  g i v e n  

by e q u a t i o n  ( 9 )  w i l l  be  a minimum, From p h y s i c a l  c o n s i d e r a t i o n s  t h e  fo l low-  

i n g  c o n s t r a i n t s  a r e  p l a c e d  on t h e  sys tem.  
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111. A p p l i c a t i o n  cf t h e  Maximum P r i n c i p l e  

I n  a p p l y i n g  t h e  maximum p r i n c i p l e ,  t h e  f o l l o w i n g  s t a t e  v a r i a b l e s  

a r e  d e f i n e d ,  

and t h e  s t a n d a r d  n o t a t i o n  p = d f o r  t h e  c o n t r o l  v a r i a b l e  i s  used .  To min i -  

mize Xmax t h e  performance index  S i s  

X2b 

l b  
s = x = (Xlb + ( B  + AB X ) max 

The new s t a t e  v a r i a b l e  xo i s  in t roduced  

The problem reduces  t o  one  wiicrc t h e  f i n a l  v a l u e  o f  t h e  s t a t e  v a r i a b l e  x 

has  t o  b e  minimized.  The t i m e  d e r i v i t i v e  o f  x i s  

0 

0 

x2 c-1 - 
x1 2 2  

x ( B  + AB - ) ABC] + (A1(A-l)xl - Ah x (B  i 

x 2  c x2  c-1 

x1 X l  

+ AB - ) + ABC ( B  4- AB - ) [Xlxl- h2x2 - hlx2  + 

The Hami l ton ian  of  t h e  sys tem is de f ined  by 
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wh i c h becomes 

0 

H = 1) 0 0  x + U 1 ( v l Z f p  - h lx l )  + ( 1 7 )  

+ z ( Y * ' \ : p  + h l X 1  - hp2  - y p )  
where x i s  g iven  by e q u a t i o n  ( 1 4 ) .  The maximum p r i n c i p l e  s t a t e s  t h a t  f o r  

a c o n t r o l ,  p ,  t o  be o p t i m a l ,  Xmax equa l  t o  a. minimum, t h e  Hamil tonian  o f  t h e  

0 

sys tem must be a maximum w i t h  r e s p e c t  to  c; f o r  a l l  v a l u e s  of  t i n  t h e  c o n t r o l  

t i m e  i n t e r v a l .  For  t h e  c a s e  i n  p o i n t ,  t h e  Hami l ton ian  i s  a l i n e a r  f u n c t i o n  

o f  p ,  t h e r e f o r e  t h e  o p t i m a l  c o n t r o l  w i l l  b e  an  on-of f  t y p e  c o n t r o l  o p e r a t -  

i n g  on t h c  boundar i e s  o f  t h e  c o n t r o l  r e g i o n .  That  i s  

and a t  e v e r y  t i m e  where 

x c  2 q0 [(yl?f - a l x l  + A y 2 C f  - A a , x , ) ( B  + A B  -) 
X 1  

- dli ~ + - .  

t h e  f l u x  w i l l  s w i t c h  from I t o  0 o r  v i c e - v e r s a .  The n e x t  l o g i c a l  s t e p  i s  

t o  d e t e r m i n e  t h e  o p t i m a l  number of s w i t c h i n g s .  Th i s  is  normal ly  done by 

c a l c u l a t i n g  t h e  nuinibcr of  t imes  - changes s i g n  i n  t h e  c o n t r o l  i n t e r v a l .  

Fo r  t h e  c a s e  he re ,  t h e  l i m i t a t i o n s  on t h e  s t a t e  f u n c t i o n s  a r e  g i v e n  by 

max 

a[{ 
3; 

e q u a t i o n  ( 1 1 ) .  The a u x i l i a r y  f u n c t i o n s  are d e f i n e d  a s  
2 
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w i t h  t h e  boundary c o n d i t i o n s  

These f u n c t i o n s  a r e  no t  l i m i t e d  i n  any o t h e r  s e n s e .  It  i s  nct p o s s i b l e  f rom 

t h i s  i n f o r m a t i o n  t o  de t e rmine  the  optimum number of  s w i t c h i n g s .  However, an  

a l t e r n a t e  approach  can  be used .  By assuming a g i v e n  number of  s w i t c h i n g s  

i t  i s  p o s s i b l e  t o  c a l c u l a t e  1: and X from e q u a t i o n s  (1) and ( 2 )  f o r  the t i m e  

i n t e r v a l  0 < t < L-.  S o l u t i o n s  t o  t h e s e  e q u a t i o n s  w i l l  have t h e  s w i t c h i n g  

t i m e  s t 1, 

the  bc,untiary c o n d i t i o n s  a t  t = t,, t h e  a u x i l i a r y  f u n c t i o n s  q1 and $ 2  c a n  t e  

de te rmined  f o r  t h e  c o n t r o l  i n t e r v a l  0 < t < b from e q u a t i o n s  (LO) and ( 2 1 )  

c t - l r t i n z  w i t h  t h e  l a s t  s u b - i n t e r v a l  t sn  < t < b .  

. . . tsn,  a s  pa rame te r s .  Knowing I and X o r  x1 and x2  and %2’ 

These e q u a t i o n s  w i l l  have 

the same pa rame te r s  t s i .  It i s  now p o s s i b l e  t o  w r i c e  UI-E e q s s t i o n  i n  t h e  

form o f  e q u a t i o n  (19)  f o r  eve ry  s w i t c h i n g  p o i n t .  There  w i l l  t h e r e f o r e  b e  

n a l g e b r a i c  e q u a t i c n s  w i t h  n unknowns c o r r e s p o n d i n g  t o  t h e  s w i t c h j n g  times. 

Another  method t o  s o l v e  t h i s  problem i s  t o  c a l c u l a t e  Xmax from 

e q u a t i o n  (1) f o r  a c o n t r o l  f u n c t i o n  wi th  a n  assumed number of s w i t c h i n g s .  

By t r i a l  and e r r o r  a combingt ion  u f  s w i t c h i n g  t imes can  be de te rmined  t h a t  

w i l l  y i e l d  t h e  s m a l l e s t  xenon peak.  Us ing  t h i s  t echn ique  t h e  optimum num- 

b e r  of s w i t c h i n g s  i s  a l s o  de t e rmined .  S i n c e  t h i s  t e c h n i q u e  i s  amenable t o  

d i g i t a l  computer  c a l c u l a t i o n s  i t  i s  t h e  approach  t h a t  was used .  

I V .  R e s u l t s  

Us ing  t h e  procedure  o u t l i n e d  i n  t h e  p r e v i o u s  s e c t i o n ,  optimum 

shutdown programs were de termined  f o r  a r e a c t o r  having  t h e  f o l l o w i n g  v a l u e s  

t o r  t h e  c o n s t a n t s :  



yI = 0.05G 

-1 -18 7 y2 - 0.003 h., - = 2 . 1 * 1 0 - ~  sec a2 3.5.10 c m  

F i g u r e  1 shows t h e  r e d u c t i o n  i n  t h e  xenon peak a s  a f u n c t i o n  o f  

t h e  c o n t r o l  t i m e  parameter  b .  The maximum xenon c o n c e n t r a t i o n  i s  normal ized  

t o  t h e  mximum xenon c o n c e n t r a t i o n  o c c u r r i n g  a f t e r  i n s t a n t a n e o u s  shutdown.  

Va lues  cf Lhe maximum xenon c o n c e n t r a t i o n  o c c u r r i n g  a f t e r  i n s t a n t a n e o u s  

shutdown a r e  Shawn i n  F i g .  2 a s  a f u n c t i o n  of  t h e  f l u x  l e v e l .  I n  F i g .  1 

t h e r e  a r e  two d i s t i n c t  r e g i o n s  co r re spond ing  t o  o n e - p u l s e  and two-pulse  

c o n t r o  1. 

One-pulse  c o n t r o l  i s  o p t i m a l  f o r  conLro l  t i m e s  less t h a n  f o u r  o r  

f i v e  h o u r s ,  depending  upon f l u x  l e v e l .  An example of  t h i s  t y p e  o f  c o n t r o l  

i s  g i v e n  i n  F i g .  3 .  I n  t h i s  f i g u r e ,  t h e  xenon c o n c e n t r a t i o n ,  a s  a f u n c t i o n  

o f  t i m e ,  f o r  i n s t a n t a n e o u s  shutdown i s  compared w i t h  a one -pu l se  optimum 

c c n t r o l  shutdown program. The p u l s e  wid th  and t e r m i n a t i o n  time, f o r  t h e  

f l u x  l e v e l  i n d i c a t e d ,  a r e  shown i n  the  upper  p a r t  of  t h e  f i g u r e .  A program 

of  t h i s  t ype  c a n  be  c h a r a c t e r i z e d  by one v a r i a b l e ,  such  a s  t h e  p u l s e  w i d t h .  

F i g u r e  4 g i v e s  t h e  o p t i m a l  p u l s e  wid th  c u r r e s p o n d i n g  t o  g i v e n  c o n t r o l  times 

and f l u x  l e v e l s .  

Wicrh a n  i n c r e a s i n g  c o n t r o l  i n t e r v a l  the v a l u e  o f  che xenon concen-  

t r a t i o n  o c c u r r i n g  j u s t  p r i o r  t o  the c o n t r o l  p u l s e  i n c r e a s e s  r a p i d l y  and f o r  

b * 4 . 5  h o u r s  i t  r e a c h e s  t h e  v a l u e  o f  t h e  xenon peak a f t e r  shutdown. Beyond 

t h i s  p o i n t  t h e  maximum xenon c o n c e n t r a t i o n  o c c u r s  b e f o r e ,  r a t h e r  t h a n  a f t e r  

b = 5.  The problem s t a t e m e n t  g iven  above must t h e r e f o r e  be  mod i f i ed .  It i s  

n e c e s s a r y  t o  r e q u i r e  t h e  maximum va lue  of t h e  xenon c o n c e n t r a t i o n  t o  be  a 

minimum a f t e r  t = 0 r a t h e r  t h a n  a f t e r  t = b .  TO meet t h i s  r equ i r emen t  a 
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second p u l s e  must appea r  b e f o r e  t h e  t e r m i n a l  p u l s e  i n  o r d e r  t o  reduce  t h e  

f i r s t  peak .  

When t h e  c o n t r o l  t i m e  e x t e n d s  i n t o  the two-pulse  r eg ion ,  t h e  p u l s e  

w i d t h  f o r  the p u l s e  t e r m i n a t i n g  a t  t - b remains  c o n s t a n t  and a second p u l s e  

appertrs a t  t = t l ,  a s  i n d i c a t e d  i n  F i g .  5 .  A s  t h e  c o n t r o l  t i m e  i n t e r v a l  b 

i n c r e a s e s ,  t h e  w i d t h  of  t h e  p u l s e  beg inn ing  a t  t l ,  i n c r e a s e s ,  t l ,  r ema in ing  

c o n s t a n t  independent  o f  t h e  c o n t r o l  time. It i s  noted  t h a t  while t h e  w i d t h  

o f  the pulse i s  w e l l  deEinec ,  t h e  maximum v a l u e  of the xenon c o n c e n t r a t i o n  

i s  r e l a t i v e l y  i n s e n s i t i v e  t o  the l o c a t i o n  o f  t h e  f i r s t  p u l s e .  V a r i a t i o n s  i n  

t l r  a s  l a r g e  a s  - produces  v e r y  l i t t l e  change i n  t he  maximum xenon c o n c e n t r a -  

t i o n .  

t h r e e  c h a r a c t e r i s t i c  numbers: t l ,  t h e  t i m e  of o c c u r r e n c e  of t he  f i r s t  p u l s e ;  

b 
10 

The o p t i m a l  program i n  t h e  two-pulse  c o n t r o l  r e g i o n  i s  d e s c r i b e d  by 
1 

A6t1 ,  the  w i d t h  of the f i r s t  p u l s e ;  and At2,  the  w i d t h  of the  t e r m i n a t i n g  

p u l s e .  A p l o t  of these c h a r a c t e r i s t i c  numbers a r e  shown i n  F i g .  6 .  Knowing 

t h e  b a l u c  c’f t h e  steaciy s t a t e  f l u x  a t  t h e  t ime of shutdown a n d  g i v e n  a con-  

t r o l  t i m e  b ,  which f a l l s  i n t o  t h e  twrj-pulse c o n t r c l  r e g i c n ,  t h e  o p t i m I l  s h u t -  

down program can  be de te rmined  from F i g .  6 .  

C a l c u l a t i o n s  based v n  :he n r i - g i n a l  problem s t a t e ,  even  Lhough they  

lcse t h e i r  p h y s i c a l  meaning i n  t h i s  r e g i o n  can  be  c a r r i e d  o u t  and s e r v e  a s  

g u i d e l i n e s  a s  t o  t h e  b e s t  t h a t  m y  be accompl ished  i n  t h e  r e g i o n .  I t  i s  

c l e a r  f rom F i g .  1 t h a t  t h i s  i s  t h e  c a s e  f o r  t h e  two-pulse  c o n t r o l  r e g i o n .  

These  g u i d e l i n e s  a r e  shown a s  dashed l i n e s  on F i g .  1. I f  t h e  two-pulse  con-  

t r o l  i s  ex tended  beyond t h e  two-pulse  c o n t r o l  r e g i o n ,  t h e  l i n e s  a s  shown 

i n  F i g .  1 c u r v e  away from t h o s e  c a l c u l a t e d  o n  t h e  premise of  the o r i g i n a l  

problem s t a t e m e n t .  It i s  r easonab le  t o  assume t h a t  beyond t h i s  p o i n t  t h r e e -  

p u l s e  c o n t r o l  i s  needed.  There  i s  no proof  a s  t o  how c l o s e  i t  i s  p o s s i b l e  
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to come t o  t h e s e  optimum g u i d e l i n e s .  It i s  c o n j e c t u r e d  t h a t  t h r e e ,  f o u r  

and l a r g e r  number of  c o n t r o l  p u l s e s  w i l l  r e s u l t  i n  f u r t h e r  r e d u c t i o n  i n  

t h e  maximum v a l u e  of  t h e  xenon c o n c e n t r a t i o n  f o r  l a r g e  v a l u e s  o f  c o n t r o l  

t ime .  

V .  D i s c u s s i o n  

For  t h e  r e a c t o r  model assumed i t  i s  c l e a r  t h a t  considerab1.e  re -  

d u c t i o n  can  be r e a l i z e d  i n  t h e  a f t e r  shutdown b u i l d u p  of xenon p o i s o n i n g .  

The amount of  r e d u c t i o n  i n  xenon c o n c e n t r a t i o n  depends on  t w o  pa rame te r s ,  

t h e  maximum f l u x  le\ ,el  a t  l h e  t ime of  shutdown and t h e  a v a i l a b l e  c o n t r o l  

t i m e .  Fo r  h i g h  f l u x  l e v e l s  t h e  f r a c t i o n a l  r e d u c t i o n  i n  t h e  xenon po i son-  

i n g  i s  g r e a t e r  f o r  a g i v e n  c o n t r o l  time t h a n  t h a t  o b t a i n e d  a t  lower f l u x  

l e v e l s .  S i n c e  t h e  maximum v a l u e  of the xenon c o n c e n t r a t i o n  i n c r e a s e s  a l -  

most l i n e a r a l l y  w i t h  the f l u x  l e v e l  the r e d u c t i o n  i n  xenon c o n c e n t r a t i o n  

i s  more d r a m a t i c  fo r  the h i g h  f l u x  l e v e l s .  For  example, a c o n t r o l  t i m e  

of b 6 hour s ,  the  f r a c t i o n a l  r e d u c t i o n  i s  2 7 . 7 $ ,  36.6% and 44.5* c o r r e s -  

ponding  t o  f l u x  l e v e l s  of  3 x 1014 and r e s p e c t i v e l y .  The 

va loes  o f  t h e  maximum xenon c o n c e n t r a t i c n s  f o r  t h e s e  f l u x  l e v e l s  a r e  9 . 1  

x For  U235 f i ie l ,  t h e  re -  

l a t i o n s h i p  between po i son ing  and xenon c o n c e n t r a t i o n  i s  g i v e n  by 

2 . 6  x lo1& and 8 . 4  x loL5 ,  r e s p e c t i v e l y .  

Xa, 0.8 ia2  -15 P E A , -  x - 2 . 4 9  x 10 
T 

T t  € 

The e q u i v a l e n t  r e a c t i v i t y  i s  

p = f P  ( 2 3 )  

where f i s  t h e  thermal u t i l i z a L i o n  f a c t o r  f o r  the r e a c t o r  w i t h o u t  p o i s o n i n g .  

Us ing  a v a l u e  o f  f = 0.8,  the r e d u c t i o n  i n  terms of r e a c t i v i t y  i s  
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( 2 4 )  

For  f l u x  l e v e l s  of 

a c t i x i t y  t h a t  can be  accomplished w i t h  op t ima l  two-pulse  c o n t r o l  i s  18, 

52 and 1 , 6 5 0 .  

3 x lo''', and 10l6 t h e  p e r c e n t  r e d u c t i o n  i n  re-  

I n  a l l  t h e  c a s e s  p re sen ted  above, i t  was assumed t h a t  i h e  maxi- 

mum c o n t r o l  p u l s e  l e v e l  i s  e q u a l  t o  the e q u i l i b r i u m  f l u x  l e v e l  a t  t h e  t i m e  

of shutdown.  S i n c e  the p u l s e  w i d t h  i s  f a i r l y  s m a l l  i n  many c a s e s ,  i t  would 

seem r e a s o n a b l e  t o  pe rmi t  o v e r l o a d s  f o r  t h e s e  s h o r t  p e r i o d s  o f  t i m e .  T h i s  

was done a t  t h e  s t e a d y  s t a t e  f l u x  l e v e l  of  3 x 1014 by p e r m i t t i n g  t h e  maxi- 
* ,  

mum v a l u e  of  t h e  f l u x  t o  be 4, 5, and 6 x l o L 4 .  While  t h e  p u l s e  w i d t h  de-  

c r e a s e d  a p p r e c i a b l y ,  t o  ahou t  one -ha l f  a t  amax - 2 0 0 ,  the r e d u c t i o n  i n  xe-  

non p o i s o n i n g  improxed on ly  s l i g h t l y ,  changing  from 25.5% t o  26.14, f o r  

'max 2 0 0  a t  b = 4 h o u r s .  

I n  d e r i v i n g  optimum shutdown programs, i t  was assumed t h a t  t h e  

f l u x  c o u l d  undergo s t e p  changes .  I n  r e a l i t y ,  r e a c t o r s  have  p e r i o d  l i r n i t a -  

t i o n s  and f a s t  s t a r t u p s  and shutdowns have t o  be avo ided .  To e s t i m a t e  t h e  

e f f e c t  o f  p e r i o d  l i m i t a t i o n s ,  t h e  example p r e s e n t e d  i n  F i g .  5 was worked o u t  

w i t h  a c o n s t r a i n t  on  t h e  maximum r a t e  o f  change of  f l u x ,  r e q u i r i n g  10 minutes  

t o  r e a c h  i t s  peak v a l u e  from s t a r t u p  and 10 minu tes  t o  r e t u r n  t o  z e r o .  During 

t h i s  t i m e  t h e  f l u x  was assumed t o  change l i n e a r a l l y  f o r  s i m p l i c i t y .  T h i s  

l a s t  a s sumpt ion  i s  more r e s t r i c t i v e  t h a n  t h e  r e a l  c a s e  where t h e  f l u x  r i s e s  

i n  a n  a lmos t  e x p o n e n t i a l  manner. The e f f e c t  of  t h i s  d i s t o r t e d  c o n t r o l  p u l s e  

was e s s e n t i a l l y  n e g l i g i b l e  and was less t h a n  one pe rcen t  of t h a t  o b t a i n e d  

u s i n g  r e c t a n g u l a r  p u l s e s .  



Opt imal  Af te r -Heat  Removal 

I .  I n t r o d u c t i o n  

When a n u c l e a r  r e a c t o r  i s  shutdown, a p p r e c i a b l e  ene rgy  c o n t i n u e s  

t o  be  r e l e a s e d  due t o  the  e m i s s i o n  of b e t a  and gamma r a y s  from r a d i o a c t i v e  

f i s s i o n  p r o d u c t s .  The r a t e  a t  which energy or  h e a t  i s  r e l e a s e d  depends 

upon t h e  r e a c t o r  power l e v e l  and pe r iod  o f  o p e r a t i o n  p r i o r  t o  shutdown. 

For  r e a c t o r s  o p e r a t i n g  a t  high-power leve ls ,  t h e  a f t e r - s h u t d o w n  h e a t  gene ra -  

t i o n  can  r e a c h  a l e v e l  such  t h a t  i f  no t  removed, w i l l  c a u s e  damage t o  t h e  

r e a c t o r .  The a f t e r - s h u t d o w n  h e a t  removal j s  a problem i n  t h e  o p e r a t i o n  of 

n u c l e a r  r o c k e t  e n g i n e s .  I n  t h e  n u c l e a r  r o c k e t  e n g i n e  t h e  p r o p e l l a n t  s e r v e s  

a s  t h e  c o o l a n t ,  and t h e r e f o r e ,  a c e r t a i n  amount o f  p r o p e l l a n t  must be r e s e r v -  

e a  f o r  t h e  removal of h e a t  ge l le ra ted  a f t e r  shutdown. The purpose  o f  the i n -  

v e s t i g a t i o n  c u r r e n t l y  i n  p r o g r e s s  i s  t o  d e t e r m i n e  optimum a f t e r - h e a t  removal  

programs which w i l l  p r e v e n t  o v e r h e a t i n g  of t h e  n u c l e a r  r o c k e t  eng ine ,  w h i l e  

u s i n g  t h e  s m a l l e s t  q u a n t i t y  of p r o p e l l a n t .  

11. Heat  T r a n s f e r  Model 

An e x a c t  d e s c r i p t i o n  of  t he  t empera tu re  d i s t r i b u t i o n  and h e a t  t r a n s -  

f e r  w i t h j n  a n u c l e a r  r o c k e t  e n g i n e  i s  q u i t e  i m o l v e d .  I n  t h e  i n i t i a l  phase  

of t h i s  i n v e s t i g a t i c n  a s i m p l i f i e d  hea t  t r a n s f e r  model which i s  b e l i e v e d  

t o  g i v e  a f a i r l y  s a t i s f a c t o r y  d e s c r i p t i o n  o f  t h e  sys tem,  i s  t e i n g  used .  

More r e a l i s t i c  models w i l l  be used a f t e r  a g r e a t e r  i n s i g h t  i n t o  t h e  problem 

h a s  been  o b t a i n e d  from t h e  s i m p l i f i e d  model .  

It i s  assumed t h a t  t he  hea t  t r a n s f e r  c h a r a c t e r i s t i c s  of the  sys t em 

c a n  be d e s c r i b e d  by a s imple  h e a t  exchanger ,  based  on the  f o l l o w i n g  assump- 

t i o n s  : 

45 
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a .  There i s  no a x i a l  h e a t  conduc t ion  

b .  The t empera tu re  of  the f u e l  j.s un i fo rm i n  che r a d i a l  

d i r e c t i o n .  

c .  Heat i s  g e n e r a t e d  uni formly  i n  a f u e l  e lement  independent  

o f  p o s i t i o n .  

d .  The t empera tu re  d i f f e r e n c e  between t h e  f u e l  and c o o l a n t  

(T - Tc) i s  space  independent  and a f u n c t i o n  o f  t i m e  on ly  

Under t h e s e  a s sumpt ions ,  t h e  h e a t  ba l ance  e q u a t i o n  f o r  a s e c t i o n  dx of  t h e  

r e a c t o r  i s :  

dT 
QAdx McR - d t  Adx + hpdx (T - Tc) 

where : Q = h e a t  g e n e r a t i o n  p e r  u n i t  volume p e r  second 

A = c r o s s  s e c t i o n a l  a r e a  of t h e  f u e l  

M = mass of f u e l  p e r  u n i t  volume 

cR - 
T = t empera tu re  of f u e l ,  a f u n c t i o n  of  x o n l y  

h = h e a t  t r a n s f e r  c o e f f i c i e n t  from f u e l  t o  c o o l a n t  

p = w e t t e d  p e r i m e t e r  o f  c o o l a n t  channe l  

Tc = 

h e a t  c a p a c i t y  o f  f u e l  m a t e r i a l  

c o o l a n t  t empera tu re ,  f u n c t i o n  of  x on iy  

I f  i t  i s  assumed t h a t  the  c o o l a n t  does  n o t  change phase i n  t h e  

r e a c t o r  c o r e ,  t h e n  a l l  t h e  h e a t  t r i i n s f e r r e d  t o  t h e  . c o o l a n t  goes i n  t o  i n -  

c r e a s i n g  i t s  e n t a l p y  

X 

wcp(TC - T i )  
'2 

0 

where : w = mass f l o w  r a t e  of c o o l a n t  

cp  = 

Ti = c o o l a n t  i n l e t  t empera tu re  

h e a t  c a p a c i t y  o f  c o o l a n t  
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S i n c e  (T - Tc) was assumed inciepenient o f  x i t  f o l l o w s  t h a t  

wcp(TC - T i )  hp(T - TC)x 

o r  

we Ti hpxT 

Tc w c p  hpx + w c p  + hpx 

S u b s t i t u t i n g  e q u a t i o n  ( A )  i n t o  e q u a t i o n  ( l ) ,  and r e a r r a n g i n g  terms, 

r e s u l t s  i n :  

f 3) 

( 4 )  

For  t h e  model g iven ,  the  tempera ture  is always t h e  h i g h e s t  a t  

x - e ,  t h e  r e a c t o r  cu! l e t .  T h e r e f o r e ,  T(x,  t )  cdn he r e p l a c e d  by T(!, t )  - 
T ( t ) .  I f  t h e  c o o l a n t  i s  a gas ,  t h e  h e a t  t r a n s f e r  c o e f f i c i e n t  i s  g i c e n  by 

t h e  f a m i l i a r  r e l a t i o r i s h i  p :  

where : D = h y d r a u l i c  d i a m e t e r  of  c o c l a n t  channe l  

K = t he rma l  c o n d u c t i v i t y  of f u e l  

= Reynolds number Re = - Dw 
C.*C 

A, = C r o s s - s e c t i o n  of coo lan t  channel  

P r  - P r a n d t l  number = k 



p = v i s c o s i t y  a t  b u l k  f l u i d  t e m p e r a t u r e  

k w  = v i s c o s i t y  a t  w a l l  t e m p e r a t u r e  

The r e f  ore  : 

Equa t ion  (7 )  becomes : 
0 . 8  

hp - klw 
I f  t h e  r e a c t o r  had been o p e r a t i n g  a t  a c o n s t a n t  power P f o r  a Q 

per iod  of t h o u r s ,  t h e n  t h e  decay h e a t  power t h o u r s  a f t e r  shutdown i s  

g i v e n  by 

0 

- 3  
P - 3 . 2 3  * 10 Po 1 t - O s 2  - ( t  + t o ) -0 .2 ]  (9) 

The a f t e r - h e a t  g e n e r a t i o n  p e r  u n i t  volume pe r  second i s  g i v e n  by e q u a t i o n  

( 10) 

- ( t  + t o ) - o . q  - 3  Po -0.2 Q = 1.23 * 10 - [ t A l  

where Aeq and Po have  the  same dimens ions .  

S u b s t i t u t i n g  e q u a t i o n  (8) and (10) i n t o  e q u a t i o n  ( 5 )  g i v e s :  
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l e t t i n g  

I 

I 

- 1  
1 . 2 3  . 10 Po 

B -  C - X  and D = " P  
A ~ M C R  ! A ~ M C R  I k l  

t h e n  e q u a t i o n  (11) becomes 

CW(T - T i )  
- = E  dT  
d t  1 + h o . 2  

[ t  -0 .2  - ( t  + to,-O'2] - 

Equa t ion  (12 )  d e s c r i b e s  the sys t em under c o n s i d e r a t i o n .  

111. S o l u t i o n  o f  t h e  P ro t l em 

The problem i s  t o  d e t e r m i n e  a program f o r  the  c o o l a n t  f l o w  r a t e ,  

i n  the  t i m e  i n L e r v a l  0 < t < t i  , such t h a t :  

f o r  a l l  0 < t < t i  < a .  T = Tmax 

b .  The in t e : ; r a l  r t l  w d t  be a s  sma11  a s  p o s s i b l e .  
0 

The prcblern cen be d i v i d e d  i n t o  two s e p a r t a t e  r e g i o n s .  When t h e  

sys tem o p e r a t e s  i n  t h e  r e g i o n  T < T,,, t h e  per formance  index  i s  g i v e n  by 

S - Jtl wdt 

0 

With no a d d i t i o n a l  r e s t r i c t i o n s  t h e  obvious r e s u l t  i s  w = 0 th roughou t  t h e  

r e g i o n .  The t empera tu re  change i n  h i s  r e g i o n  is  g i v e n  by:  

dT -0 .2  ] - = B [ t - O m 2  - ( t  + to) 
d t  

o r  
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where To a T(o) i n  t h e  g i v e n  i n i t i a l  c o n d i t i o n .  The o t h e r  p o s s i b i l i t y  i s  

f c r  t h e  system t o  o p e r a t e  on i t s  boundary T = Tmax. To a p p l y  t h e  Maximum 

P r i n c i p l e  t o  t h i s  r e g i o n  of  o p e r a t i o n ,  i t  must be s t a t e d  i n  i t s  modi f ied  

form a s  g i v e n  by Theorem 2 2  of  Reference  j .  Fo r  t h e  s i m p l i f i e d  model g i v e n  

by e q u a t i o n  ( 1 2 ) ,  and w i t h  t h e  r e s t r i c t i o n  T = Tmax, t h e  problem can  're s o l -  

ved w i t h o u t  t h e  u s e  o f  t h e  Maximum P r i n c i p l e .  The s o l u t i o n  i s :  

The o p t i m a l  s o l u t i o n  f o r  t h e  t i m e  i n t e r v a l  0 < t < t l  can  b e  any 

combina t ion  of t h e  above s o l u t i o n s .  From p h y s i c a l  c o n s i d e r a t i o n s  i t  i s  

obv ious  t h a t  t h e  most e f f i c i e n t  h e a t  remoLa1 i s  o b t a i n e d  khen t h e  oc l t l e t  

t empera tu re  of t h e  c o o l a n t  i s  a t  i t s  maximum. For  t h e  model g i v e n  by equa-  

t i o n  (11), i t  i s  e q u i v a l e n t  t o  T = Tmax. T h e r e f o r e ,  t h e  o p t i m a l  c o o l a n t  

f low r a t e  i n  t h e  s u b - i n t e r v a l  0 < t < t '  i s  z e r o .  The c o o l a n t  f low r a t e  i n  

t h e  s u b - i n t e r v a l  t 7  < t < t l  i s  g iven  by e q u a t i o n  ( l h ) .  

can  be c a l c u l a t e d  from e q u a t i o n  ( 1 5 )  by l e t t i n g  T = Tmax. 

h i s t o r y  of  t h e  t empera tu re  i s  g i v e n  by e q u a t i o n  ( 1 5 )  f o r  t h e  i n t e r v a l  U < 

t < t '  and i s  e q u a l  t o  T = Tmax f o r  t he  i n t e r v a l  t '  < t < t l  . 

The b a l u e  of  t q  

The co r re spond ing  

For  t h e  s i m p l i f i e d  model assumed h e r e ,  t h e  s o l u t i o n  i s  f a i r l y  

o b v i o u s  and t h e  Maximum P r i n c i p l e  i s  no t  needed.  Dur ing  t h e  next  r e p o r t  

p e r i o d  more r e a l i s t i c  models f o r  t h e  sys tem w i l l  be u s e d .  It i s  d o u k t f u l  

t h a t  t l ie  s o l u t i o n s  u s i n g  more ccmplex m c d e l s  w i l l  t e  q u i t e  .>s o 'cvious.  
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